Abstract. Let G=SL(2,R), T = SL(2,Z), u, ' l (where t e R) and let fi. be the G-invariant probability measure on G/Y. We show that if x is a non-periodic point of the flow given by the (w,)-action on G/Y then the («,)-orbit of x is uniformly distributed with respect to JU. ; that is, if SI is an open subset whose boundary has zero measure, and / is the Lebesque measure on R then, as T -> oo, T~ll{0 < t < T\u,x e SI} converges to ^ (SI).
Let G = SL (2, R), the special linear group of 2 x 2 matrices, and let Y = SL (2, Z) be the subgroup consisting of integral matrices in G. The homogeneous space G/Y carries a unique G-invariant probability measure which we shall denote by fi. Let («,) be the one-parameter subgroup of G denned by u, = (I {) for all t e R. Let P be the subgroup of G consisting of all upper triangular matrices in G.
Consider the action of (u,) on G/T. It is well-known that for any g e P F the («,)-orbit of gT in G/T is periodic. Further, if giPT then the («,)-orbit of gT is dense in G/F. The object of this paper is to show that each of these dense orbits is uniformly distributed on G/Y with respect to n; that is, if g&PY and SI is an open subset of G/Y whose boundary has zero /x-measure then as T -* oo, x n (u,gY)dt converges to fi (SI) (xa is the characteristic function of Si). Similarly, we prove that the orbit under (iterates of) u = «i of g&PY is also uniformly distributed in the sense that for SI as above 1 «-i -I Xniu'gY) n ; =o converges to /i(ft) as n -»oo (cf. theorem 6.1). It may be noted that these results extend in a natural way to any subgroup of finite index in Y.
In § 6 we also discuss the dynamical significance of the result and an application to number theory.
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Preliminaries
Let R 2 be the two-dimensional Euclidean space. We denote by {e u e 2 } the standard basis of R 2 . Let ( , ) denote the inner product on U z with a, e 2 as an orthonormal basis and let || • || be the corresponding norm on R 2 . Also let m be the Lebesgue measure such that A lattice A in U 2 is a discrete co-compact subgroup (that is, R 2 /A is compact). Given a lattice A any measurable subset F such that {A+F} AeA is a partition of R 2 (a fundamental domain) is of the same measure; the common value is called the determinant of A and shall be denoted by d(A). We shall denote by if the set of all lattices A in R 2 such that d{A) = 1. We note that the lattice A o = Z 2 consisting of elements with integral coordinates belongs to if.
In the sequel, we shall denote by G the (topological) group SL (2, R) of real 2x2 matrices of determinant 1. The natural action of G on R 2 induces a G-action on if. It is straightforward to verify that this G-action on if is transitive and that the isotropy subgroup of the lattice Ao is precisely the subgroup SL (2, Z) consisting of all integral matrices in G = SL (2, R). We shall write T for SL (2, Z). The map associating gAo to gT for all g e G defines a canonical 1-1 correspondence of G/T onto if. In the sequel we shall often identify if with G/T via the above correspondence. In particular, we shall consider if to be equipped with the topology arising from the identification with G/T, the latter having the topology as a homogeneous space of G = SL (2, R).
Let A be a lattice in R
2
. A non-zero element A of A is said to be primitive in A if A does not contain any element of the form t\ where 0 < t < 1. We shall denote the set of all primitive elements of a lattice A by 0>(A). We need the following lemma which is well known and easy to prove. such that \\x -A || < e and (b) for any x' e 9 (A k ) satisfying \\x '|| < M there exists A' € S 9 (A) such that\\x'-\'\\<e.
For any subset E of R 2 we put
( Let {A k } be a sequence in W(E) converging to a lattice A in if. By lemma 1.1 for any e >0, ^(A) contains an element within distance e from some element of E. Since ^(A) is discrete and E is compact this implies that ^(A)nJB' must be non-empty. Hence Ae W{E), thus proving the second assertion. The last assertion follows from the well-known Mahler criterion (cf. [8, corollary 10.9] ).
• where a is a certain non-zero real number depending only on p. This shows that Y = gY, where j3 = \a \~l. Thus gF is a periodic point whenever g e PY.
• Conversely, it is known that for any g£PY the orbit of gYeG/Y under the action of (u,) is dense in G/Y and in particular not periodic (cf. [4] for a more general result). In the sequel, we shall however not need this information; we show independently that the orbits in question are uniformly distributed which is clearly a stronger assertion. That is, if 0 is the set of those lattices which have some non-zero element common with the 'x-axis', the latter being the set of points fixed by any u t , t # 0. Lemma 2.1 may thus be restated as follows.
(2.3) LEMMA. Any Aeif 0 is a periodic point for the action of (u,) on if.
The proof of uniform distribution depends on the following classification of («,)-invariant measures.
(2.4) THEOREM. Let v be a (u,)-invariant ergodic measure on G/Y. Then either TT is G-invariant or it is a (u,)-invariant measure supported on the periodic orbit of an element gY where gePY. If IT is a (u,)-invariant measure such that ir(PY/Y) = 0 then IT is G-invariant.
The first part of the assertion is simply the particular case of theorem 6.1 in [3] for G = SL (2, R), and F = SL (2, Z); it may be noted in this connection that in our present special case PqY = PY for any rational matrix q in G = SL (2, R). The second part of the assertion may be deduced from the first, using theorem 4.1 in [2] and ergodic decomposition of a finite (u,)-invariant measure as a direct integral of ergodic invariant measures. We also note that a proof of theorem 2.4 for a finite («,)-invariant (actually this is enough for the purpose of the present paper) is also essentially contained in [1] .
•
Proof. This follows from theorem 2.4 and the fact that under the identification of G/Y with if the set PY corresponds to if 0 .
Time averages of continuous functions
Let X be the one-point compactification of if, the extra point being denoted by oo. The action of (w,) on if extends to a continuous flow on X with oo as a fixed point. We shall denote the flow by (<£,); thus for all t e U <£,(A) = u,A for all Aeif and 0 ( (oo) = oo. Also in the sequel the notation W(E), E <=R 2 as in §1, shall be considered modified to include oo in W(E) whenever 0 is a limit point of E. The main part of the proof of uniform distribution lies in proving the following. where fx is the probability measure on X such that ix ({oo}) = 0 and the restriction to i? is the G-invariant probability measure on if.
The proof of the theorem is divided into several steps. Since e > 0 is arbitrary we get that cr(ft) <lim info-, (ft). The last inequality follows from the fact that for any ;', (7, (H) + 07 (ft') = cry (ft U ft') < 1. Combining the two inequalities for cr(ft) we deduce the assertion in the lemma.
• Now for any s > 0 let n s be the probability measure on X such that for any continuous function / on X Arguing as in the standard proof of the Markov-Kakutani theorem it is easy to verify that each TT in L is a (<£,)-invariant measure on X. In what follows, through a sequence of steps we shall show that L consists of only one element; namely /u. as in the statement of theorem 3.1. The theorem readily follows once the last assertion is proved. Now let 7T be an arbitrarily chosen element of L. Then evidently there exists an increasing sequence {$,} of positive real numbers such that Sj -* oo and TT S , -» TT in the weak* topology. In the sequel the sequence {s,} shall be considered fixed.
In the sequel, we shall use the following notation. Let (ei) be the subspace of R 2 generated by the basis vector e\\ i.e. the 'x-axis'. By an interval / on (ei) we For any set S in R 2 we shall denote by xs the characteristic function of S o n R 2 . For any x e K 2 we shall denote by g(x) and TJ(X) the e\ and e 2 coordinates of x, respectively; that is, 
-8<£(x k ) + t k t 1 (x k )<b+8 and
Hence to prove the lemma clearly it is enough to prove that |£(x k )|-»oo as k ->oo. Suppose this is false; then passing to a subsequence if necessary, we may assume that |f(*fc)| is bounded, say \g(x k )\<M for all A;. Then by (3.5), |?fcTj(x fc )| must also be bounded and since ( k ->oowe have |i?(xk)| -» 0. Both coordinates being bounded, {x/t} must be contained in a compact subset of U 2 . Since {x k , keN}is also contained in the discrete set 0*(A) it must be finite. Since 0*(A) does not contain any element on (e)\, in particular this contradicts the fact that |Tj(x fc )|-»0. Hence the lemma is proved.
• Proof. Existence of e (I) satisfying conditions (i) and (ii) is obvious. Condition (iii) follows from condition (ii) and lemma 1.3.
• An interval / on (ei) is said to be admissible if either where 0 < a <o o r / = {0}. We shall denote by si the set of all admissible intervals on (e % ). 
. Then there exists a set D(I) of positive real numbers such that the following conditions hold: (vi) D(I)<=[0, £(/)] and [0, e(/)]-/?(/) is countable, (vii) for any SeD(I), v(dW(B(I,S))) = 0. (Note that though oo may belong to W(B(I, 8)) it is never a boundary point of the set.)
Proof. Observe that the sets are pairwise disjoint. Further, for any I esi and any 8i<8 2 <e(I), dB(I, Si) is also disjoint from -SB (I, 8 2 ) , the set of negatives. Hence by condition (ii) as in lemma 3.6 and lemma 1.3 the sets {W(dB (I,8) )} 0<B<tlI) are pairwise disjoint. Put (1,8) )) = 0}. Since tr is a probability measure there could be only countably many mutually disjoint sets of positive 7r-measure. Hence in view of the above disjomtness assertion, condition (vi) must hold. Again, for any 8 clearly B (I,8) and -dB (I,8) 
D(I) = {8\0<8<e(I) and ir(W(dB

10) ir(W(B)) = lim 7r s (W(B)) = lim -l(E,)
where / is the standard Lebesgue measure on IR and 
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Substituting (3.11) and (3.12) in (3.10) we get
The proposition would therefore be proved if we show that as / -» oo -I I r/W/(£,")U.
Since the contribution from the elements in ^>(A)nB is independent of / and s ; -»oo, in view of (3.13) it is enough to prove the convergence to 0 as/-»oo of the sequence {0,} defined by as j-KX>.
Sj xe
On the other hand since 8 < e (7 0 ) the same argument as was used to show that the sequence {#,} in (3.14) converges to 0, now shows that
Hence (3.18) implies that Clearly Q1AQ2 and Ri AR2 are contained in B o . Hence for x e 0>(A) and jeNv/e have
ir(W{Bi)) = ir(W(B 2 )). That is, ir(W(B(J u 8))) = TT(W(B(
I\XQ 1 (X) X R 1 {U SI X)-X Q 2 (X) X R 2
(U SI X)\< XBO (X)+ XBO (US I X).
Since S <e(/ 0 ), as in the proofs of propositions 3.9 and 3.15 using lemma 3.4 we can deduce from the above data that as / -* 00 1
In view of (3.23) the relations (3.21) and (3.22) imply that
Tr(mBi))*ir(W(B 2 )). That is, ir(W(B(I lt S)))^ir{W(B(I 2 , 8)))
for any SeD. Applying this to a sequence {S k } in D such that <5 fc -*0 and using lemma 3.2 we deduce that But since W(I 2 ) <= Z o , by corollary 3.19 ir{W(I 2 )) = 0. Hence TT({OO}) = 0. D Proof of theorem 3.1. In view of corollary 3.19, proposition 3.20 and theorem 2.5, no measure other than the measure /u. as in the statement of theorem 3.1 belongs to L. Since L is non-empty we get L ={/*}. Thus for any sequence {s>} such that s,-»oo the measures ir Sj denned by (3.3) converge to /A in the weak* topology. Therefore for any continuous function on X the contention of the theorem holds.
Invariant measures of horocycle transformations
As before let G = SL (2, U), T = SL (2, Z) and P be the subgroup consisting of all upper triangular matrices in G. Let w e G be the matrix (0 1). The aim of this section is to prove the following analogue of theorem 2.4 for the cyclic subgroup generated by u.
Since the space of probability measures is compact with respect to the weak* topology this means that p n converges to /u. in the weak* topology, which is precisely the contention of the theorem. 
D
II. Recurrent and generic points
The class of dynamical systems for which all the points are recurrent/generic has attracted some attention in the literature (cf. [6] and other references therein). The homeomorphism <f> of X as in § 5 (extending the u -action on G/Y to its one-point compactification) provides a natural example of a topologically transitive homeomorphism for which these properties hold. We recall that if i^ is a homeomorphism of a compact metric space Y it is said to be topologically transitive if there exists y 0 Proof. By theorem 6.1 every x = gTeG/T where g£PY is generic with respect to the G-invariant measure on G/Y. Since the G-invariant measure assigns positive value to any open set, in particular we can deduce from the theorem that such an x is also recurrent. Similar argument also shows that <f> is topologically transitive. On the other hand if x = gT, where g ePT, then by lemma 2.1 the («,)-orbit of x is periodic. The latter is therefore a ^-invariant circle and the restriction of <f> is equivalent to a rotation of the circle in the usual sense. Hence every point on the circle including x is both generic and recurrent.
Finally, the point at infinity is evidently generic as well as recurrent, which completes the proof.
In the light of various known results including those in [2] and the present paper it seems reasonable to conjecture the following: 
